Any isospectral family of two-dimensional Euclidean domains is shown to be compact in the C' topology. Previously Melrose, using heat invariants, was able to establish the C' compactness of the curvature of the boundary curves. The additional ingredient used in this paper to obtain the compactness of the domains is the behavior of the determinant of the Laplacian near the boundary of the moduli space.
mean the spectrum of the Laplace-Beltrami operator for g with Dirichlet boundary conditions. A family of domains (or metrics) is called isospectral if they all have the same spectrum. We will not distinguish between isometric domains, which are, of course, isospectral. The basic problem [see Kac (1) ] is to determine the size of isospectral sets of plane domains, hopefully to show that they consist of a single domain. In a previous paper (2) we showed that an isospectral family of simply connected Euclidean domains is compact in the Cx topology. Our aim in this paper is to establish the same result for Euclidean domains of arbitrary finite connectivity.
To describe the topology on plane domains of connectivity n 2 1, we shall use as a reference surface a fixed plane domain E,, with this connectivity. A family i of plane domains is said to be compact in Cx if for a given sequence f(k) in 9; there is a subsequence (renumber) The resulting domain fiT1ay) with the metric ds is said to be uniform. In fact every uniform domain can be represented in this way and the (T, a, y) serve as parameters for A4j(Xn). As expected there are 3n -6 parameters. This new set of moduli for planar domains plays a central role in our development since it allows us to identify aAt"(Xn) in an explicit geometric way.
Property C: The Height on Moduli Space. The following theorem states the property of h most important for our development and is responsible for its name. induction on the number of bounding curves. The induction argument works only when it is possible to subdivide the domain into parts with smaller connectivity by inserting curves which affect the height only marginally. The proof of Theorem 2 can be found in ref. 5 ; we do not go into this any further here except for some comments at the end. After these preliminaries on the height function we turn now to a sketch of the proof of Theorem 1.
Compactness Argument. Given the set-up described in the Introduction, the proof of Theorem 1 runs along lines similar to the proof of the corresponding theorem for simply connected domains (2) . Let t(Ek) be a sequence of planar Euclidean isospectral domains. Our aim is to extract a CX convergent subsequence. We begin by noting, by the results of Kac (1) , that the 4(Ek) all have the same connectivity, say n . 2 (Theorem 1 for n = 1 is proved in ref. 2) and also that the boundary lengths of these domains are all equal to, say, c0. In terms of a uniform metric Uk conformal to the Euclidean metric on Q(Ek), the latter can be written as e29kUk, where qk is uk-harmonic, and the length condition can be written as (k) e kds = co;
here dsUk is the element of arc length of the metric Uk on the boundary.
Next we apply the above-mentioned parts of the theory of heights. Since the height is spectrally defined we have h(uk) S h(e2Pkuk) = h(f(Ek)) = c1. [ 
1.2]
It follows from Property A and Theorem 2 that all the Uk values lie in a compact set K contained in the moduli space. Clearly such a compact set of uniform metrics can be realized on the fixed domain 1, with induced metrics (again denoted by u) so that all of these metrics are quasi-isometric in every sense; for example, all lengths are comparable, etc.
From now on we consider everything to be taking place on X, with the metrics Uk and e2fkUk defined there. So as not to clutter up the notation we will drop the indices k and n. We denote the Sobolev t-norm on E by jopjII, and that on al by <pt. while from Eq. 1.1 and Jensen's inequality we obtain f (P dsu ' C4. [1.6] Since ku = 0 for n = 2 and = -1 for n .: 3 it follows from expressions 1.5 and 1.6 that IVu(I2dAu < C4.
[1.
6'] general metrics; i.e., it is also assumed that a set of metrics of bounded height and fixed boundary length is bounded in the Sobolev 1/2 norm. It should also be remarked that our proof of Theorem 2, which is stated in terms of uniform metrics, involves more general metrics.
